Quantum mechanics is one of the most successful theories, correctly predicting huge class of physical phenomena. Ironically, in spite of all its successes, there is a notorious problem: how does Nature create a "bridge" from fragile quanta to the robust, objective world of everyday experience? It is now commonly accepted that the most promising approach is the Decoherence Theory, based on the system-environment paradigm. To explain the observed redundancy and objectivity of information in the classical realm, Zurek proposed to divide the environment into independent fractions and argued that each of them carries a nearly complete classical information about the system. This Quantum Darwinism model has nevertheless some serious drawbacks: i) the entropic information redundancy is motivated by a priori purely classical reasoning; ii) there is no answer to the basic question: what physical process makes the transition from quantum description to classical objectivity possible? Here we prove that the necessary and sufficient condition for objective existence of a state is the spectrum broadcasting process, which, in particular, implies Quantum Darwinism. We first show it in general, using multiple environments paradigm, a suitable definition of objectivity, and Bohr's notion of non-disturbance, and then on the emblematic example for Decoherence Theory: a dielectric sphere illuminated by photons. We also apply Perron-Frobenius Theorem to show a faithful, "decoherence-free" form of broadcasting. We suggest that the spectrum broadcasting might be one of the foundational properties of Nature, which opens a "window" for life processes.
I. INTRODUCTION
Uninterrupted series of successes of quantum mechanics support a belief that quantum formalism applies to all of physical reality. Thus, in particular, the objective classical world of everyday experience should emerge naturally from the formalism. This has been a long-standing problem, in fact already present from the very dawn of quantum mechanics (see e.g. the writings of Bohr [1] and Heisenberg [2] for some of the earlier discussions and e.g. [3] for some of the modern approaches, relevant to the present work). Perhaps the most promising approach is Decoherence Theory (see e.g. [4] ), based on a system-environment paradigm: a quantum system is considered not in an isolation, but rather interacting with its environment. It recovers, under certain conditions, a classical-like behavior of the system alone in some preferred frame, singled out by the interaction and called a pointer basis, and explains it through information leakage from the system to the environment (the system is "monitored" by its environment).
However, as Zurek noticed recently [5] , Decoherence Theory is silent on how comes that in the classical realm information is redundant -same record can exist in a large number of copies and can be independently accessed by many observers and many times. To overcome the problem, he has introduced a more realistic model of environment, composed of a number of independent fractions, * Electronic address: jaroslaw.korbicz@ug.edu.pl and argued using several models (see e.g. Refs. [6, 7] ) that after the decoherence has taken place, each of these fractions carries a nearly complete classical information about the system. Then Zurek argues that this huge information redundancy implies objective existence [5] . This model, called Quantum Darwinism, although very attractive (see Ref. [8] for some experimental evidence), has a certain gap which make its foundations not very clear. Postponing the details to Section III, the criterion used in Quantum Darwinism to show the information redundancy is motivated by entirely classical reasoning and a priori may not work as intended in the quantum world.
There is however another basic question: is there a fundamental physical process, consistent with the laws of quantum mechanics, which leads to the appearance in the environment of multiple copies of a state of the system? In other words, how does Nature create a "bridge" from fragile quantum states, which cannot be cloned [9] , to robust classical objectivity? Zurek is aware of the difficulty when he writes [5] :
"Quantum Darwinism leads to appearance in the environment of multiple copies of the state of the system. However the no-cloning theorem prohibits copying of unknown quantum states."
However, he does not provide a clear answer to the question [5] :
"Quick answer is that cloning refers to (unknown) quantum states. So, copying of observables evades the theorem. Nevertheless, the tension between the prohibition on cloning and the need for copying is revealing: It leads to breaking of unitary symmetry implied by the superposition principle, [.. 
.]"
But the no-cloning theorem prohibits only uncorrelated copies of the state of the system, whereas it leaves open a possibility of producing correlated ones. This is the essence of state broadcasting-a process aimed at proliferating a given state through correlated copies [10] . In this work we identify a weaker form of state broadcastingspectrum broadcasting, introduced in Ref. [11] , as the fundamental physical process, consistent with quantum mechanical laws, which leads to the perceived objectivity of classical information, and as a result recover Quantum Darwinism (as a limiting point). We do it first in full generality, using a definition of objective existence due to Zurek [5] and Bohr's notion of non-disturbance [12, 13] . Then, in one of the emblematic examples of Decoherence Theory and Quantum Darwinism: a small dielectric sphere illuminated by photons (see e.g. Refs. [6, [14] [15] [16] [17] ). The recognition of the underlying spectrum broadcasting mechanism has been possible due to a paradigmatic shift in the core object of the analysis. From a partial state of the system (Decoherence Theory) or informationtheoretical quantities like mutual information (Quantum Darwinism) to a full quantum state of the system and the observed environment. This also opens a possibility for direct experimental tests using e.g. quantum state tomography [18] .
II. OBJECTIVE EXISTENCE NEEDS STATE BROADCASTING
What does it mean that something objectively exists? What does it mean for information? For the purpose of this study we employ the definition from Ref. [5] : Definition 1 (Objectivity) A state of the system S exists objectively if "[...]many observers can find out the state of S independently, and without perturbing it."
In what follows we will try to make this definition as precise as possible and investigate its consequences. The natural setting for this is Quantum Darwinism [5] : the quantum system of interest S interacts with multiple environments E 1 , . . . , E N (denoted collectively as E), also modeled as quantum systems. The environments (or their collections) are monitored by independent observers (environmental observers) and here we do not assume symmetric environments-they can be all different. The system-environment interaction is such that it leads to a full decoherence: there exists a time scale τ D , called decoherence time, such that asymptotically for interaction times t ≫ τ D : i) there emerges a unique, stable in time preferred basis |i , so called pointer basis, in the system's Hilbert space; ii) the reduced state of the system ̺ S becomes stable and diagonal in the preferred basis:
where p i 's are some probabilities and by ≈ we will always denote asymptotic equality in the deep decoherence limit t/τ D → ∞. We emphasize that we assume here the full decoherence, so that the system decoheres in a basis rather than in higher-dimensional pointer superselection sectors (decoherence-free subspaces). Coming back to the Definition 1, we first add an important stability requirement: the observers can find out the state of S without perturbing it repeatedly and arbitrary many times. In our view, this captures well the intuitive feeling of objectivity as something stable in time rather than fluctuating. Thus, if Definition 1 is to be non-empty, it should be understood in the time-asymptotic and hence decoherence regime, which in turn implies that the state of S which can possibly exist objectively, is determined by the decohered state (1). We will show it on a concrete example we study later.
Next, we specify the observers. Apart from the environmental ones, we also allow for a, possibly only hypothetical, direct observer, who can measure S directly. We feel such a observer is needed as a reference, to verify that the findings of the environmental observers are the same as if one had a direct access to the system. It is clear that what the observers can determine are the eigenvalues p i of the decohered state (1)-they otherwise know the pointer basis |i , as if not, they would not know what the information they get is about. Hence, the "state" in Definition 1, which gains the objective existence, is the "classical part" of the decohered state (1), i.e. its spectrum {p i }.
The word "find out" we interpret as the observers performing von Neumann (as more informative than generalized) measurements on their subsystems. By the "independence" condition, they act independently, i.e. there can be no correlations between the measurements and the corresponding projectors must be fully product:
where all Π's are mutually orthogonal Hermitian projec-
. Now the crucial word "perturbation" needs to be made precise. The debate about its meaning has been actually at the very heart of Quantum Mechanics from its beginnings, starting from the famous work of Einstein, Podolsky and Rosen (EPR) [19] and the response of Bohr [12] . It is quite intriguing that this debate appears in the context of objectivity. The exact definitions of the EPR and Bohr notions of non-disturbance are still a subject of some debate and we adopt here their formalizations from Ref. [13] : the sufficient condition for the EPR nondisturbance is the no-signaling principle, stating that the partial state of one subsystem is insensitive to measurements performed on the other subsystem (after forgetting the results) [20] . Quantum Mechanics obeys the no-signaling principle, but Bohr argued that the EPR's notion is too permissive, as it only prohibits "mechanical" disturbance, and proposed a stricter one, which can be formally stated [13] that the whole joint state must stay invariant under local measurements on one subsystem (after forgetting the results).
For the purpose of this study we adopt Bohr's point of view, adapted to our particular situation-we assume that neither of the observers Bohr-disturbs the rest (in the E → S direction it is our formalization of the Definition 1, while in the S → E it follows from the repetitivity requirement). Together with the product structure (2), this implies that on each S, E 1 , . . . E N there exists a non-disturbing measurement, which leaves the whole asymptotic state ̺ S:E (∞) of the system and the observed environment invariant (we will specify the size of the observed environment later). For the system S it is obviously defined by the projectors on the pointer basis |i , as by assumption this is the only basis preserved by the dynamics. For the environments we allow for a general higher-rank projectors Π M k j , k = 1, . . . , N , and not necessarily spanning the whole space, as the environments can: i) have inner degrees of freedom not correlating to S and ii) correlate to S only through some subspaces of their Hilbert spaces (we will later encounter such a situation in the concrete example).
When more than one observer preform the nondisturbing measurements, a further specification of Bohrnondisturbance is needed. Allowing for general correla-
] may lead to a disagreement: if one of the observers measures first, the ones measuring afterwards may find outcomes depending on the result of the first measurement (if the observers do not discard their results an meet to compare them later). This can hardly be called objectivity and we thus add to the Definition 1 an obvious agreement requirement: "...observers can find out the same state of S independently,...", leading to a natural conclusion [21] : (3) i.e. the environmental Bohr-nondisturbing measurements must be perfectly correlated with the pointer basis. Hence, after forgetting the results, the asymptotic post-measurement state ̺ M S:E (∞) reads (by ∞ we denote t ≫ τ D asymptotic):
where
. Now we are ready for the crucial step: we impose the relevant form of the Bohr-nondisturbance condition:
whose only solution [13] are the, so called, ClassicalQuantum (CQ) states [22] :
where p i are the probabilities from Eq. (1) and R E i are some residual states in the space of all the environments with mutually orthogonal supports: [23] through the assumed non-disturbing measurements Π i , projecting on their supports.
The derived form (6) sheds some light on the word "many" in the Definition 1: the compatible states (6) are necessarily S : E separable, while we argue that generically, for large systems, the unitary system-environment evolution U S:E leads to S : E entanglement (see e.g. Ref. [24] for the definition of the latter). We first recall that the initial states, weather pure or mixed, are always assumed to be S : E product-the system and the environment did not interact in the remote past and there is no prior information about the system in the environment. The entanglement generation is then clear for pure initial states, as entanglement is the only form of correlation for such states and without a S : E correlation there can be no decoherence (1) . For mixed initial states the situation is more subtle as in finite-dimensional state-spaces there exist non-zero volume separable balls around the identity operator [25] . If the S : E state is initially in this ball, the unitary evolution will not lead it out of it, while building enough correlations for the decoherence (1) to happen. However, for large dimensions, the radius of the largest separable ball decreases as ∼ 1/d [25] and for infinite-dimensional spaces becomes strictly zero (see e.g. Ref. [26] ). This is the case here: the environment must be of a large dimension if it is to have a large informational capacity, needed to carry a large number of copies of a state of S. Thus, the S : E entanglement is generically produced during the evolution, as hitting the separable ball becomes highly unprobable due to its vanishing measure. The only way then to eventually obtain a separable state from an entangled one is by forgetting subsystems-some portions of the environment pass unobserved, as it is actually always the case in reality. Thus, slightly abusing the language and identifying observers with the fractions of the environment they observe, we can interpret "many" as sufficiently many but not all-some loss of information is necessary. In what follows the total observed fraction of the environment will be denoted by f or f E (depending on the context) and all the states above should be understood as ̺ S:f E (∞).
Finally, let us look at the residual states R E i in Eq. (6). We comeback to the demand of independent ability to determine the state of S, already used in Eq. (2), and we further interpret it as a strong independence: the only correlation between the environments should be the common information about the system. In other words, conditioned by the information about the system, there should be no correlations between the environments. satisfy (8) . From the quantum information point of view, state (9) is a final state of a process similar to quantum state broadcasting [10] . The latter is a task (described by a linear map), which aims at producing from a given state ̺ a multipartite state ̺ 
(10) (comparing to Ref. [11] we allow for arbitrary encoding states ̺ E k i , as long as they are perfectly distinguishable). For a given ̺, a spectrum broadcast state ̺ s−br E1...EN allows then one to locally recover perfect copies of the spectrum Sp̺ (through the projective measurements of the supports of ̺ E k i )-the spectrum is redundantly proliferated. This is clearly the case of the state (9) due to the distinguishability (8) : (9) is a spectrum broadcast state for the decohered state (1). Condition (8) forces the correlations in (9) to be entirely classical and thus the detailed structures of ̺ E k i (e.g. their ranks) become irrelevant for the correlations. One can even pass to the purifications |Ψ
i , which by (8) will be mutually orthogonal for i = i ′ . In the equivalent language of quantum channels [23] , the redundant classical information transfer from the system to the observed environment is asymptotically described by a CC-type channel defined by (9) [11] .
The result (9) can be then re-stated as: in the presence of decoherence, spectrum broadcasting is a necessary condition for objective existence, in the sense of Definition 1, of the classical state of S (=the spectrum of (1)). In other words, if a decoherence mechanism leads to a redundant production of classical information records about the system, and hence to objectively existing classical state of S, it is necessarily achieved (in the asymptotic limit) through spectrum broadcasting.
Conversely, a spectrum broadcasting process resulting in a state (9) (with the crucial property (8)) leads to the objective existence in the sense of Definition 1 of the classical state {p i }. Indeed, projections on the pointer basis |i and on the disjoint supports of ̺ E k i constitute the preferred, non-disturbing measurements. Performing them independently, the observers will all detect the same probability distribution {p i } without Bohr-disturbing the quantum state of the system (1) and the measurements can be repeated arbitrary many times.
Summarizing, under the assumptions elaborated above, we have proven the following implications, identifying spectrum broadcasting as the physical process responsible for the appearance of the classical objectivity:
Objective Existence ⇐ Spectrum Broadcasting (9)
We also note that the form (9) resolves the apparent puzzle appearing within Quantum Darwinism [5] and mentioned in the Introduction: how can multiple information records be produced during a quantum evolution when state cloning is forbidden in quantum mechanics [9] ? The answer from (9) is that: i) only state's spectrum is proliferated and ii) instead of clones rather classically correlated copies are produced.
It may seem that by the time-stability requirement of objectivity, our reasoning may exclude time evolving classical objective states and lead to the classical Zeno paradox. This is however not so. Moving outside the strict decoherence framework, within which our results have been derived, one can allow for a changing in time pointer basis |i(t) , and hence probabilities p i (t) (cf. Eq. (1)), but evolving on a much slower time-scale than that of the decoherence. This is the case in most of the realistic situations, as the decoherence time-scales are usually very short, and it opens the possibility for objectively existing, time-evolving classical states {p i (t)} iff the spectrum broadcast state (9) is formed fast enough for every t.
As a final touch, we quote the results of Refs. [29] on the epistemological versus ontological interpretation of a quantum state itself: under suitable assumptions, a state of a quantum system is a property of the system rather than a state of knowledge about it. This somewhat strengthens our result and justifies the use of quantum states for studying objective existence: the latter gains a certain ontological status, as it intuitively should.
III. ENTROPIC CONDITION OF QUANTUM DARWINISM IS NOT A SUFFICIENT CONDITION FOR OBJECTIVITY
In the studies of Quantum Darwinism the objective existence has been so far argued based on a single functional condition, which we will call Quantum Darwinism condition (see e.g. Refs. [5] [6] [7] and references therein):
stands for the von Neumann entropy, and
is the entropy of the decohered state (1). Condition (12) has been shown to hold in several models, including environments comprised of photons [6] and spins (see e.g. Ref. [7] ). For finite times t, the equality (12) is not strict and holds within some error δ(t), which defines the redundancy R δ (t) as the inverse of the smallest fraction of the environment f δ(t) , for (12) implies that the mutual information between the system and the environment fraction is a constant function of the fraction size f (up to an error δ for finite times) and the plot of I against f exhibits a characteristic plateau, called the classical plateau (see e.g. Ref. [5] ). The appearance of this plateau has been heuristically explained in the Quantum Darwinism literature as a consequence of the redundancy: classical information about the system exists in many copies in the environment fractions and can be accessed independently and without perturbing the system by many observers, thus leading to objective existence of a state of S [5] . Those far reaching statements has been based only on the condition (12) . But the motivation behind using (12) to prove the objective existence is somewhat doubtful as it comes solely from the classical world [5] : in the classical information science condition (12) is equivalent to a perfect correlation of both systems [30] . That is one system has a full information about the other and indeed in a multipartite setting this information thus exists objectively, in accord with the Definition 1. But in the quantum world the situation is very different [31] : surprisingly, Quantum Darwinism condition (12) alone is not sufficient to guarantee objectivity in the sense of Definition 1 (see also Ref. [32] in this context). It is clear that the spectrum broadcast states (9) satisfy (12), but there are also entangled states satisfying it, thus violating the form (9), derived from the Definition 1 as a necessary condition for objectivity. As a simple example consider the following state of two qubits:
is diagonal in the basis |0 , |1 and moreover S vN (̺ A ) = S vN (̺ AB ) ≡ h(p) (the binary Shannon entropy [30] ), so that the Quantum Darwinism condition holds: I(̺ AB ) = S vN (̺ B ) = H B , H B = h(p), but the systems are nevertheless entangled, which one verifies directly through the PPT criterion [33] .
Thus, by the results of the previous Section, we argue that the functional criterion (12) is not enough and the objective existence, as defined by Definition 1, should be proven at the structural level of quantum sates. In particular, if the spectrum broadcasting form (9) can be asymptotically derived in a given model, this will guarantee the objective existence. The paradigmatic shift with respect to the earlier works on Decoherence Theory and Quantum Darwinism we propose here, is that the core object of the analysis should be the structure of the full quantum state of the system S and the observed environment f E, rather than the partial state of the system only (Decoherence Theory) or informationtheoretical functions (Quantum Darwinism). Below we present such a state-based analysis and explicitly derive spectrum broadcasting states in the emblematic example for Decoherence Theory and Quantum Darwinism: a small dielectric sphere illuminated by photons (see e.g. Refs. [6, [14] [15] [16] [17] ).
IV. THE EMBLEMATIC EXAMPLE OF COLLISIONAL DECOHERENCE AND QUANTUM DARWINISM A. Basic Assumptions And Methods
We first introduce the model, following the usual treatment (see e.g. Refs. [6, 14, 15, 17] ). The system S is a sphere of radius a and relative permittivity ǫ, bombarded by a constant flux of photons, which constitute the multiple environments (see Fig. 1 ) and decohere the sphere. The sphere can be located only at two positions: x 1 or x 2 , so that effectively its state-space is that of a qubit H S ≡ C 2 with a preferred orthonormal (due to the mutual exclusiveness) basis | x 1 , | x 2 , which will become the pointer basis. This greatly simplifies the analysis, yet allows the essence of the effect to be observed. The sphere is sufficiently massive, compared to the energy of the incoming radiation, so that the recoil due to the scattering photons can be totally neglected and photons' energy is conserved, i.e. the scattering is elastic.
The environmental photons are assumed not energetic enough to individually resolve the sphere's displacement ∆x ≡ | x 2 − x 1 |:
where k is some characteristic photon momentum (the exact sens of it will be clear in what follows). Otherwise, each individual photon would be able to resolve
The emblematic example of Decoherece Theory and Quantum Darwinism revisited and studied in this work. A small dielectric sphere S of radius a and relative permittivity ǫ is illuminated by a constant flux of photons (represented by green spots). The photons constitute the environments E of the sphere. The sphere can be at two possible locations x1 and x2, separated by a distance ∆x, much larger than the effective photon wavelengths k∆x ≪ 1. Photons scatter elastically and slightly differently depending on where the sphere is, but this difference is vanishingly small for each individual scattering-the information about the sphere's position is diluted in the photonic environment. However, when grouped into macroscopic fractions, the photons become collectively almost perfectly resolving and the classical information about the sphere becomes available in the environment in multiple copies. We calculate the full post-scattering state of the sphere and a macroscopic fraction of the photons in the dipole approximation ka ≪ 1 and show that this redundant proliferation of information is described by spectrum broadcasting (9) . For technical reasons, we use box normalization: the sphere and the photons are enclosed in a large cubic box of edge L and the photon momentum eigenstates | k obey periodic boundary conditions. the position of the sphere and studying multiple environments would not bring anything new. On the technical side, following the traditional approach [6, 14, 15, 17] , we describe the photons in a simplified way using box normalization: we assume that the sphere and the photons are enclosed in a large box of edge L and volume V = L 3 (see Fig. 1 ) and photon momentum eigenstates | k obey periodic boundary conditions. Although a more rigorous treatment was developed in Ref. [16] with well localized photon states, we choose this traditional heuristic approach as, at the expense of a mathematical rigor, it allows to expose the physical situation more clearly, without unnecessary mathematical details (we remark that the findings of Ref. [16] agree, up to an insignificant numerical factor, with the previous works using box normalization). After dealing with formally divergent terms, we remove the box through the thermodynamic limit (signified by ∼ =) [6, 17] :
that is we expand the box and add more photons, keeping the photon density constant, as the relevant physical quantity is the radiative power, proportional to N/V . The thermodynamic limit is crucial in the sense that it defines micro-and macroscopic regimes, which will turn to be qualitatively very distinct. The detailed dynamics of each individual scattering is irrelevant-the individual scatterings are treated asymptotically in time. The interaction time t enters the model differently, thought the number of scattered photons. It may be called a "macroscopic time". Assuming photons come from the area of L 2 (see Fig. 1 ) at a constant rate N photons per volume V per unit time, the amount of scattered photons from t = 0 to t is:
where c is the speed of light. Throughout the calculations we work with a fixed time t and pass to the asymptotic limit t/τ D → ∞ (signified by ≈ or ∞) at the very end.
Since multiphoton scatterings can be neglected and all the photons are treated equally (symmetric environments), the effective sphere-photons interaction up to time t is of a controlled-unitary form:
where (assuming translational invariance of the photon scattering) S i ≡ S xi = e −i xi· k S 0 e i xi· k is the scattering matrix (see e.g. Ref. [35] ) when the sphere is at x i , S 0 is the scattering matrix when the sphere is at the origin, and k is the photon momentum operator. Due to the elastic scattering, S i 's have non-zero matrix elements only between the states | k of the same energy c| k|. In the sector (14) the interaction (17) is vanishingly small at the level of each individual photon [17] : in the thermodynamic limit S 1 ∼ = S 2 (in a suitable sense we clarify later), and hence i | x i x i | ⊗ S i ∼ = 1 ⊗ S. Surprisingly, this will not be true for macroscopic groups of photons. We also note that unlike in the previous treatments [6, [14] [15] [16] [17] , already at this moment we explicitly include in the description all the photons scattered up to the fixed time t. Finally, the preferred role of the basis | x i is already singled out now by the form of the interaction (17) [5] .
Following our critique of the Quantum Darwinism condition (12) , we analyze the model at the level of states. We need several ingredients. First, the initial, prescattering "in" state, is as usually assumed a full product :
with ̺ S 0 having coherences in the preferred basis | x i and ̺ ph 0 some initial states of the photons (the environments are by assumption symmetric). Next, we introduce a crucial environment coarse-graining [5] : the full environment (i.e. all the N t photons) is divided into a number of macroscopic fractions, each containing mN t photons, 0 ≤ m ≤ 1 (Fig. 2) . By macroscopic we will always understand "scaling with the total number of photons N t ". By definition, these are the environment fractions accessible to the independent observers from Section II. Such a division may seem artificial and arbitrary, as e.g. the choice of m is unspecified. However, observe that in typical situations detectors used to monitor fractions of the environment, e.g. eyes, have some minimum detection thresholds-some minimum amount of radiative energy delivered in a given time interval is needed to trigger the detection. Each macroscopic fraction mN t is meant to reflect that detection threshold. Its concrete value (the fraction size m) is for our analysis irrelevant-it is enough that it scales with N t . This coarse-graining procedure is analogous to the one used e.g. in the description of liquids [36] : each point of a liquid (a macro-fraction m here) is in reality composed of a suitable large number of microparticles (individual photons). It is also employed in mathematical approach to von Neumann measurements using, so called, macroscopic observables (see e.g. Ref. [37] and the references therein).
Thus, we divide the detailed initial state of the envi-
⊗mNt is the initial state of each macroscopic fraction (macro-state for brevity).
After all the N t photons have scattered, the asymptotic (in the sense of the scattering theory) "out"-state ̺ S:E (t) ≡ U S:E (t)̺ S:E (0)U S:E (t) † , is given from Eqs. (17, 18, 19) by
By the argument of Section II, in order to have a chance to observe the broadcasting state (9), we trace out some of the environment. In the current model it is important that the forgotten fraction must be macroscopic: we assume that f M , 0 ≤ f ≤ 1 out of all M macro-fractions of 
We finally demonstrate that in the soft scattering sector (14) , the above state is asymptotically of the broadcast form (9) by showing that in the deep decoherence regime t ≫ τ D two effects take place:
1. The coherent part ̺ i =j S:f E (t) given by Eq. (24) vanishes in the trace norm:
2. The post-scattering macroscopic states ̺ mac i (t) (cf. Eq. (22)) become perfectly distinguishable:
or equivalently using the generalized overlap [38] :
despite of the individual (microsopic) states becoming equal in the thermodynamic limit.
The first mechanism above is the usual decoherence of S by f E-the suppression of coherences in the preferred basis | x i . Some form of quantum correlations may still survive it, since the resulting state (23) is generally of a Classical-Quantum (CQ) form [39] . Those relict forms of quantum correlations are damped by the second mechanism: the asymptotic perfect distinguishability (26) of the post-scattering macro-states ̺ mac i (t). Thus, the state ̺ S:f E (∞) becomes of the spectrum broadcast form (9) for the distribution:
which by implications (11) gains objective existence in the sense of Definition 1.
B. Broadcasting Phase -Pure Environments
For greater transparency, we first demonstrate the mechanisms (25, 26) , and hence a formation of the broadcast state (9) , in a case of pure initial environments:
i.e. all the photons come from the same direction and have the same momenta k 0 , k 0 ≡ | k 0 |, satisfying (14) . To show (25) , observe that ̺ i =j S:f E (t), defined by Eq. (24), is of a simple form in the basis | x i :
where γ ≡ x 1 |̺ 
The decoherence factor
for the pure case (29) has been extensively studied before (see. e.g. Refs. [6, [14] [15] [16] [17] ). Let us briefly recall the main results. Under the condition (14) and using the classical cross section of a dielectric sphere in the dipole approximation k 0 a ≪ 1, one obtains in the box normalization:
where Θ is the angle between the incoming direction k 0 and the displacement vector ∆x
. This implies:
therm.
In the second line above we used Eq. (33) up to the leading order in 1/L; in the last line we removed the box normalization through the thermodynamical limit (15) and thus obtained the decoherence time [6, 17] :
Eqs. (32, 35) imply
is monotonically increasing. As a result, whenever we forget a macroscopic fraction of the environment (f < 1), the resulting coherent part ̺ i =j S:f E (t) decays in the trace norm exponentially, with the characteristic time τ D /(1 − f ). This completes the first step (25) .
The asymptotic orthogonalization (26) is also straightforward to show in the case of pure environments. The post-scattering states of the environment macrofractions, Eq. (22), are all pure:
so it is enough to consider their overlap:
Thus, for t ≫ τ D the states of the macro-fractions Ψ mac i (t) asymptotically orthogonalize and moreover on the same timescale τ D as the decay of the coherent part described by Eq. (39) (note that 0 < m, f ≤ 1 so the timescales from Eqs. (35, 39) do not differ considerably). This shows the asymptotic formation of the broadcast state (9) with pure encoding states ̺ E k i :
where p i is given by Eq. (28) and |i mac ≡ |Ψ mac i (∞) emerges as the non-disturbing environmental basis in the space of each macro-fraction, spanning a two-dimensional subspace, which carries the correlation between the macro-fraction and the sphere (this basis depends on the initial state | k 0 ). Thus, the correlations become effectively among the qubits. The full process (40) is a combination of the measurement of the system in the pointer basis | x i and spectrum broadcasting of the result, described by a CC-type channel [11] :
Quantum Darwinism condition (12) and the classical plateau follow now form the Eq. (40):
because of the conditions (25, 27 ) (see Appendix A for the details). Thus the mutual information becomes asymptotically independent of the fraction f (as long as it is macroscopic). We stress that in our analysis Eq. (42) is derived as a consequence of the spectrum broadcasting.
In Quantum Darwinism simulations for finite, fixed times t (see e.g. Refs. [6, 17] ), one can observe that the formation of the plateau is stronger driven by increasing the time rather than the macro-fraction f (keeping all other parameters equal). This can be straightforwardly explained by looking at the Eqs. (35, 39) : the fractions f, m are by definition at most 1, and hence have little effect on the decay of the exponential factors, while t can be arbitrarily greater than τ D , thus accelerating the formation of the broadcast state (40) .
There is a very distinct difference in the macro-and microscopic behavior of the environment, already alluded to in Refs. [6, 17] . From Eq.(33) it follows that within the sector (14) the post-scattering states of individual photons (micro-states) |Ψ mic i ≡ S i | k 0 , become identical in the thermodynamic limit and hence encode no information about the sphere's localization:
This is not surprising due to the condition (14) . On the other hand, and despite of it, by Eq. (39) macroscopic groups of photons are able to resolve the sphere's position and in the asymptotic limit resolve it perfectly (Fig. 3) . It leads to an appearance of different information-theoretical phases in the model, which we now describe. We stress that the macro-fraction m can be arbitrarily small (which only prolongs the orthogonalization time, cf. Eq. (39)), but must scale with the total number of photons N t . Indeed, for a microscopic, i.e. not scaling with N t , fraction µ the limit (43) still holds:
− −−− → 1. Thus, if the observed portion of the environment is microscopic, the asymptotic post- ≡ Si| k0 , corresponding to the sphere being at xi (represented by the small solid slabs on the left) become identical in the thermodynamic limit (cf. Eq. (43)) and hence completely indistinguishable. They carry vanishingly small amount of information about the sphere's localization, which is due to the assumed weak coupling between the sphere and each individual environmental photon (14) . On the other hand, the collective states of macroscopic fractions |Ψ scattering state is in fact a product one:
where (43) (and ∼ = denotes equality in the thermodynamic limit (15)). We call it a "product phase", in which I[̺ S:µE (∞)] = 0.
Conversely, if we have access to the full environment, ignoring perhaps only a microscopic fraction µ, the arguments leading to Eqs. (35, 39) do not work anymore, since from Eq. (43):
and thus there is no decoherence nor orthogonalization. The post-scattering state contains then the full quantum information about the system due to the unsuppressed system-environment entanglement produced by the controlled-unitary interaction (17) . As a result, the mutual information attains in the thermodynamical limit The second one is from the broadcasting phase to the full information phase at f = 1, when the observed environment is quantumly correlated with the system. Due to the thermodynamic limit each value of the fraction f should be understood modulo a microscopic fraction, i.e. a fraction not scaling with the total photon number Nt (cf. Eq. (16)).
its maximum value I max (equal to 2H S for a pure ̺ S 0 ) and we call this regime a "full information phase". We note that the rise of I S:f E above H S certifies the presence of entanglement [40] . The intermediate phase described by Eq. (40), we propose to call a "broadcasting phase". The resulting schematic phase diagram is presented in Fig. 4 . The quantity experiencing discontinuous jumps is the mutual information between the system S and the observed environment f E, and the parameter which drives the phase transitions is the fraction size f . As discussed above, each value of f has to be understood modulo a micro-fraction. The appearance of the phase diagram is a reflection of both the thermodynamic and the deep decoherence limits and its form is in agreement with the previously obtained results (see e.g. Refs. [6, 17] ).
C. Broadcasting Phase -Mixed Environments
We now move to a more general case when the environmental photons are initially in a mixed state. Unlike in the previous studies (see e.g. Refs. [6, 14, 17] ), we will not assume the thermal blackbody distribution of the photon energies, but consider a general state, diagonal in the momentum basis | k and concentrated around the energy sector (14):
As before, we work in the box normalization: the momentum eigenstates | k are discrete box states and the summation is over the box modes. The partial post-scattering state ̺ S:f E (t) is given by the same Eqs. (22) (23) (24) with the above ̺ ph 0 . The first step (25), i.e. the decay of the coherent part, is the same as before, as nowhere in Eqs. (30) (31) (32) the purity was used, but the decoherence factor is now modified. In the leading order in 1/L it reads [6, 14, 17] :
where the modified decoherence time τ D is given by [34] :
and · denotes the averaging with respect to p( k).
Completing the second step (27) is more involved (our calculation is partially similar to that of Ref. [17] ). We first calculate the Bhattacharyya coefficient B(
where:
By Eq. (47) it is supported in the sector (14), and we diagonalize it in the leading order in 1/L. For that, we first decompose matrix elements M k k ′′ in 1/L and keep the leading terms only. Let us write:
Matrix elements of b between vectors satisfying (14) are of the order of 1/L at most. Indeed, by Eq. (33) the diagonal elements
. The off-diagonal elements are, in turn, determined by the unitarity of S † 1 S 2 and the order of the diagonal ones:
As a byproduct, by the above estimates in the energy sector (14) , S 1 ∼ = S 2 in the strong operator topology:
− −−− → 0 for any |φ from the subspace defined by (14) . Coming back to M k k ′′ , from Eqs. (33, 54) in the leading order:
The first term is non-negative and is of the order of unity, while the rest is of the order 1/L and forms a Hermitian matrix. We can thus calculate the desired eigenvalues m( k) of M k k ′′ using standard, stationary perturbation theory of quantum mechanics (see e.g. Ref. [35] ), treating the terms with the matrix b as a small perturbation. Assuming a generic non-degenerate situation (the measure p( k) in Eq. (47) is injective), we obtain:
and:
where we have used Eqs. (51,56,33,52) in the respective order, and introduced:
(in Eq. (59) we have used Eqs. (48,50) ). This implies for the micro-states:
sinceη,η ′ are of the order of unity in 1/L by Eqs. (54,59). Thus, under (14) , the states ̺ Passing to the macro-states
(cf. Eq. (22)), we in turn obtain:
where [17] :
and we have used Eq. (59). Thus, whenever α = 0, the macroscopic states satisfy
. That is, they become supported on orthogonal subspaces and hence perfectly distinguishable through orthogonal projectors on their supports [38] . The latter are within the subspaces span{| k : k ∈ supp p} respectively. This shows the asymptotic formation of the spectrum broadcasting state (9): is approximately a CQ state, whose mutual information is given by the Holevo quantity [41] :
. Those different time scales were already discovered and discussed in Ref. [17] , where α was called the "environment receptivity" and α/τ D the "redundancy rate". However, the presented physical interpretations of those quantities were rather heuristic, based loosely on the Quantum Darwinism condition (12) and not grounded in the full state analysis, as we have presented above. Moreover, the measure p( k) studied in Ref. [17] was of a special, product form: p( k) = p th (k)(1/∆Ω), where p th (k) is the thermal distribution of the energies and the photons were assumed to come from a portion of the "celestial sphere" of an angular measure ∆Ω. Above, we have shown the effect for a general, diagonal in the momentum eigenbasis state (47). Let us recall after Refs. [6, 17] that for an isotropic illumination when p( k) ≡ p(k)(1/4π) (all the directions are equally probable), α = 0 [42] and there is no broadcasting of the classical information: perfectly mixed directional states of the photons cannot store any localization information of the sphere, neither on the micro-nor at the macro-level (cf. Eqs. (61,62) ).
By Eqs. (35, 39) and Eqs. (49,62), the asymptotic formation of the spectrum broadcast states relies, among the other things, on the full product form of the initial state (18) and the interaction (17) in each block i. However, from the same equations it is clear that one can allow for correlated/entangled fractions of photons, as long as they stay microscopic, i.e. do not scale with N t . The corresponding terms then factor out in front of the exponentials in Eqs. (35, 39, 49, 62) and the formation of the spectrum broadcast states is not affected.
D. Perron-Frobenius Broadcasting -"Singular
Points" of Decoherence
We finish with a surprising application of the classical Perron-Frobenius Theorem [43] , leading to "singular points" of decoherence. Let the initial state of the sphere be ̺ S 0 = i λ 0i |φ i φ i |. Then, in the spectrum broadcast states (40, 64) there appears a (unitary-)stochastic matrix (28)). By the PerronFrobenius Theorem it possesses at least one stable probability distribution λ * i (φ): j P ij (φ)λ * j (φ) = λ * i (φ) and such a distribution exists for any initial eigenbasis |φ i of S. Let us now choose it as the spectrum of the initial state ̺ S 0 : λ 0i = λ * i (φ). Then, the scattering process (17) not only leaves this distribution unchanged, but broadcasts it into the environment:
The initial spectrum does not "decohere"-that is why we have called it a "singular point" of decoherence. This Perron-Frobenius broadcasting process, first introduced in Ref. [11] , can thus be used to faithfully (in the asymptotic limit above) broadcast the classical message {λ * i (φ)} through the environment macro-fractions.
V. CONCLUDING REMARKS
In this work we have identified spectrum broadcasting of Ref. [11] , a significantly weaker form of quantum state broadcasting, as the fundamental quantum process, which leads to objectively existing classical information. More specifically, adopting the multiple environments paradigm, the suitable definition of objectivity (Definition 1), and Bohr's notion of non-disturbance, we have proven that the only possible process which makes transition from quantum state information to the classical objectivity is spectrum broadcasting. This process constitutes a formal framework and a physical foundation for the Quantum Darwinism model, which, as we have pointed out, in its information-theoretical form does not produce a sufficient condition for objectivity, since it allows for entanglement. We have shown that in the presence of decoherence, spectrum broadcasting is a necessary and sufficient condition for the objective existence of a classical state of the system. It filters a quantum state and then broadcasts its spectrum i.e. a classical probability distribution, in multiple copies into the environment, making it accessible to the observers. In the picture of quantum channels, this redundant classical information transfer from the system to the environments is described by a CC-type channel.
We have illustrated spectrum broadcasting process on the emblematic example for Decoherence Theory: a small dielectric sphere embedded in a photonic environment. In particular, we have explicitly shown the asymptotic formation of a spectrum broadcasting state for both pure and general (not necessarily thermal) mixed photon environments. Then, we have derived in the asymptotic limit of deep decoherence the information-theoretical phase diagram of the model. Depending on the observed macroscopic fraction f of the environment, it shows three phases: the product, broadcasting and full information phase, and is a complete agreement (up to some error δ for finite times) with the classical plateau of the original Quantum Darwinism studies. There are two phase transitions taking place: i) from the product phase to the broadcasting phase (at f = 0); ii) from the broadcasting phase (0 < f < 1) to the full information phase (at f = 1), when the observed environment becomes quantumly correlated with the system. In addition, we have pointed out that a special form spectrum broadcastingthe Perron-Frobenius broadcasting, can be used to faithfully (in the asymptotic limit) broadcast certain classical message through the noisy environment fractions.
From an experimental point of view, our work opens a possibility to develop an experimentally friendly framework for testing Quantum Darwinism. Our central object, the broadcast state (9) , is in principle directly ob-servable through e.g. quantum state tomography-a well developed, successful, and widely used technique. In contrast, the original Quantum Darwinism condition (12) relies on the quantum mutual information and it is not clear how to measure it.
We finish with a series of general remarks and questions.
First, there is a straightforward generalization of the illuminated sphere model to a situation where classical correlations are spectrum broadcasted [11] . Consider several spheres, each with its own photonic environment, and separated by distances D much larger than the photon wavelengths, kD ≫ 1 (cf. Eq. (14)). The effective interaction is then a product of the unitaries (17), e.g.:
for two spheres, where x i , y j are the spheres' positions and S i ,S j are the corresponding scattering matrices, and the asymptotic spectrum broadcast state carries now the joint probability, e.g. p ij ≡ x i , y j |̺ S 0 x i , y j (cf. Eq (28)). It is measurable by observers, who have an access to photon macro-fractions, originating from all the spheres.
Second, in the example we have studied, and in the majority of decoherence models [3] , the system-environment interaction Hamiltonian is of a product form:
where g is a coupling constant and A S , X E1 , . . . , X EN are some observables on the system and the environments respectively. The pointer basis appears then trivially as the eigenbasis of A = i a i |i i|-it is arguably put by hand by the choice of A. It is then an interesting question if there are more general interaction Hamiltonians, without a priori chosen pointer basis, which nevertheless lead to an asymptotic formation of a spectrum broadcast state:
Are there truly dynamical mechanisms leading to stable pointer bases and objective classical states? Viewing Eq. (68) form a different angle, we note that spectrum broadcasting defines a split of information contained in the quantum state ̺ S = i p i |i i| into classical and quantum parts. As it is well known, every quantum state can be convexly decomposed in many ways into mixtures of pure states, so a priori such a split does not exist. Some additional process is needed. Spectrum broadcasting is an example of it: by correlating to the preferred basis |i , it endows the corresponding probabilities p i = i|̺ S |i with objective existence, in the sense of Definition 1, and defines them as a "classical part" of ̺ S , leaving the states |i i| as a "quantum part" (cf. no-local-broadcasting theorem of Ref. [28] ).
Third, there appears to be a deep connection between the non-signaling principle and objective existence in the sense of Definition 1: the core fact that it is at all possible for observers to determine independently the classical state of the system is guaranteed by the non-signaling principle: Tr(1 ⊗ Π E ̺) = Tr E (Π E ̺ E ). There is no contradiction with the Bohr-nondisturbance, as the latter is a strictly stronger condition than the non-signaling [13] (this is the core of Bohr's reply [12] to EPR ). In fact, the above connection reaches deeper than quantum mechanics. In a general theory, where it is possible to speak of probabilities p(ij|M N ) of obtaining results i, j when performing measurements M, N (however defined), whatever the definition of objective existence may be, the requirement of the independent ability to locally determine probabilities by each party seem indispensable. This is guaranteed in the non-signaling theories, where all p(ij|M N )'s have well defined marginals. In this sense non-signaling seems a prerequisite of cognition. This connection will be the subject of a further research.
Finally, one may speculate on a relevance of our results for life processes. Already in 1961, Wigner tried to argue that the standard quantum formalism does not allow for the self-replication of biological systems [44] . It seemed to be confirmed by the famous no cloning theorem [9] . However, now we see that cloning is not the only possibility. As we have shown, spectrum broadcasting implies a redundant replication of classical information in the environment. This is indispensable for the existence of life: one of the most fundamental processes of life is Watson-Crick alkali encoding of genetic information into the DNA molecule and self-replication of the DNA information. It cannot be thus a priori excluded that spectrum broadcasting may indeed open a "classical window" for life processes within quantum mechanics. mechanisms of i) decoherence, Eq. (25) , and ii) distinguishability, Eq. (27), once they are proven.
Let the post-interaction S : f E state for a fixed, finite box L and time t be ̺ S:f E (L, t). It is given by Eqs. (23, 24 ) and now we explicitly indicate the dependence on L in the notation. Then:
where ̺ i=j S:f E (L, t) is the decohered part of ̺ S:f E (L, t), given by Eq. (23) . We first bound the difference (A1), decomposing the mutual information using conditional information S vN (̺ S:f E |̺ f E ) ≡ S vN (̺ S:f E ) − S vN (̺ f E ):
so that:
From Eq. (14), the total S : f E Hilbert space is finitedimensional for a finite L, t: there are f N t =f L 2 (N/V )ct photons (cf. Eq. (16)) and the number of modes of each photon is approximately (4π/3)(L/2π∆x) 3 . Hence, the total dimension is 2 × L 2 f (N/V )ct × (1/6π 2 )(L/∆x) 3 < ∞ and we can use the Fannes-Audenaert [45] and the Alicki-Fannes [46] inequalities to bound (A4) and (A5) respectively. For (A4) we obtain:
where h(ǫ) ≡ −ǫ log ǫ − (1 − ǫ) log(1 − ǫ) is the binary Shannon entropy and:
with c 12 ≡ x 1 |̺ S 0 x 2 , where we have used the reasoning (30) (31) (32) (33) (34) (35) , or (49-50) for the mixed environments, but with f = 0. For (A5) the same reasoning and the AlickiFannes inequality give:
with: 
